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Abstract.  Properties of the optoelectronic microwave oscillator (OEQO) based
on an optical whispering gallery mode lithium niobate disc cavity are studied
theoretically. We show that the threshold of the oscillation of this device may be
as low as 1 mW, and its frequency stability (Allan deviation) may be as small as
10_]5/t1’/2 for reasonable experimental conditions. The properties of resonant
and non-resonant OEOs are compared. Preliminary experimental results on the
whispering gallery mode OEO are reported.

1. Introduction

Generation of spectrally pure signals at 1 to 100 GHz supports new develop-
ments in communications, radar and navigation. The advent of high throughput
optical communications links points to the prospects for networks operating at data
rates as high as 160 Gbs™! and consisting of multiples of channels separated by a
few gigaHertz. Schemes for realizing this type of capability rely on sources able of
providing high frequency, low phase noise signals, without which an efficient high
data rate system would not be possible. Similarly, high performance radar systems
require low phase noise oscillators to allow detection of feeble signals from the
dense background clutter.

The optoelectronic oscillator (OEQ) is a device that produces spectrally pure
signals at many tens of gigaHertz based on photonic techniques, and thus over-
comes some of the inherent limitations of the conventional electronic devices [1-7].
The OEO is a generic architecture consisting of a laser as the source of light
energy. The laser radiation propagates through a modulator and an optical energy
storage element, before it is converted to electrical energy with a photodetector.
The electrical signal at the output of the modulator is amplified and filtered before
it is fed back to the modulator, thereby completing a feedback loop with gain,
which generates sustained oscillation at a frequency determined by the filter.

Since the noise performance of an oscillator is determined by the energy
storage time, or quality factor Q, then the use of optical storage elements allows
for the realization of extremely high Q’s and thus spectrally pure signals.
In particular, a long fibre delay allows realization of micro-second storage times,
corresponding to Q’s of about a million at 10 GHz oscillation frequency. This is
a high value compared to conventional dielectric microwave cavities used in
oscillators [8, 9]. The fibre delay line also provides for wide-band frequency
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operation unhindered by the usual degradation of the oscillator Q with increasing
frequency. Thus, spectrally pure signals at frequencies as high as 43 GHz, limited
only by the modulator and detector bandwidth, have been demonstrated.

These and other salient features of the OEO have been previously analysed and
several variations based on multi-loop operations have been considered. In par-
ticular, a version that places a light source within the optoelectronic feedback loop,
which generates simultaneously spectrally pure microwaves and short optical
pulses, was suggested and realized. This configuration, dubbed as the coupled
optoelectronic oscillator (COEOQ) is similar to actively mode locked lasers, with the
major distinction that a COEO contains its own high performance microwave
drive source [10-12].

The OEO is similar to a microwave oscillator in all but one key feature. In a
microwave oscillator, stability is achieved through the stored microwave energy in
a high-Q microwave resonator, and the oscillation frequency is locked to the
frequency of the resonator. In an OEO the microwave energy, being carried as
modulated light phase and/or amplitude, is stored in an optical delay line or an
optical resonator. Thus, with the OEO there is no need for a microwave cavity.
A long optical fibre at room temperature, for example, does the same function
as a high-Q microwave resonator does at the liquid-nitrogen temperature.

The process of imprinting the microwave field on the light carrier is achieved
by an electro-optical modulator (EOM). The transformation of the modulated
light power into a microwave signal is obtained via a photodetector. Hence, in an
OEO the laser light energy is converted directly to spectrally pure microwave
signals, using an electro-optic feedback loop containing a high-Q optical element,
at a frequency limited only by the available optical modulation and detection
elements.

The EOM is one of the main sources of power consumption in the OEO
because of the large power required to drive the conventional modulators. Both
broadband Mach—Zehnder modulators and free space microwave cavity-assisted
narrow-band modulators typically require one to a few watts of microwave power
to achieve a significant modulation. This means that either the photocurrent in the
OEOQO system should be amplified significantly, or a powerful laser should be used
as the source of the drive power for the OEO. If the microwave power is small, the
information about the microwave signal simply will not be transduced to light
through the EOM.

By utilizing a high-Q resonance, instead of the zero-order interferometry, as
the basis for electro-optic modulation one can reduce the controlling power by
many orders of magnitude and reduce the energy consumption of the OEO. For
this purpose, the dielectric cavities with whispering gallery modes (WGMs) are
useful. Because of their extremely high-Q and small mode volumes, the field
density in the WGMs of these optical cavities is extremely high. This feature was
put to advantage in realizing high efficiency active elements, such as lasers with
doped glass [13—15], and modulators based on the electro-optic effect [16—18]. The
latter devices are important elements that can be combined with some of the
unique features of the OEO to realize the configuration needed for many of
the applications mentioned above.

In this paper we study the properties of the optoelectronic oscillator based on
whispering-gallery mode electro-optical modulators. We compare the properties of
these novel devices with the characteristics of a conventional OEO which includes
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a non-resonant planar EOM. We show that the low threshold and low power
consumption are the advantages of the resonant OEO compared with the non-
resonant one. The disadvantages are low saturation and low output power, and a
possibility of transforming the noise of the light field into the microwave signal.
In general, resonant and conventional OEOs have non-overlapping characteristics
and are both useful depending on the application.

The paper is organized as follows. In section 2 we discuss the value of threshold
power, oscillation frequency and phase diffusion for resonant OEO based on
WGM EOM. In section 3 we recall properties of conventional OEO. Similarities
and differences of the devices are discussed in section 4. Finally, in section 5,
we present data of a proof-of-principle experiment with an OEO based on an
integrated WGM cavity modulator.

2. Resonant optoelectronic oscillator

In this section we describe properties of a resonant OEO based on a whispering
gallery mode electro-optic modulator. We derive expressions for the oscillation
threshold, and determine the oscillation frequency and noise properties of the
device.

2.1. Set-up and basic equations

The optoelectronic oscillator based on the whispering gallery mode is depicted
in figure 1. Monochromatic light from a laser is launched into a Mach—Zehnder
interferometer formed by a fibre delay line in one arm and a toroidal lithium
niobate cavity in the other. The light from one output port of the interferometer is
used as a signal, while light from the other output port is sent into a feedback loop
formed by a delay line, photodiode, filter, amplifier and the microwave resonator.
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Figure 1.  Opto-electronic oscillator based on whispering gallery mode LiNbOj cavity
integrated with a microstrip microwave resonator.
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The filter and the amplifier may be eliminated under certain conditions, discussed
below.

Let us write the expressions that describe the operation of this system. The
electric field after the first beam splitter (see in figure 1) is

Ei(t) = En(OT? = ea1()(1 — T1)'2, (1)

where Ej,(t) is the input field, 7' is the energy transmission coeflicient of the input
beamsplitter and eq; is the dark port quantum noise. We assume that the response
of the beam splitter does not produce a delay. Here and below we consider the
optical energy as a running wave, i.e. the complex field amplitude E may be
presented as |E|* = 2nP/(Acn), where P is the light power in vacuum, A is the
cross-sectional area of the fibre and 7 is the refractive index of the material.
The total, time averaged, energy stored in a fibre with length L is, therefore,
n*(2|E)*)AL/(41) = PLn/c = Pt, where 7 is the propagation time of light in the
fibre.

Light, characterized by electric field E1, is subsequently sent into a resonant
electro-optic modulator based on the lithium-niobate toroidal cavity coupled to a
microstrip microwave resonator, described in detail in [18]. The cavity may be
fabricated from commercial flat Z-cut LiNbQOj substrate. It is a disc with radius a
and thickness d << a. The rim of the disc is polished such that the cavity becomes a
part of an oblate spheroid. The extraordinary axis of LiNbOj; coincides with the
symmetry axis of the cavity.

Light is launched into, and retrieved from, the optical cavity via a pair of
coupling prisms. The index of refraction of the prisms must exceed the index of
refraction of the cavity whispering gallery modes 7, in order to create an efficient
coupling. The entrance and exit coupling prisms may be characterized by the
energy transmission coefficients T and T.,, respectively.

The electric field of light, Ey, which circulates inside the cavity, may be
expressed as

Eo(t) = Ex(DT> 4+ 6ax() T + Eo(t — 1e — 18 — tna())(1 — Ter — Tea)'?, (2)

where éq, is the dark port quantum noise of the second coupler, 7. = 2mang/c is the
cavity round trip time, tg is a DC bias time shift and ty(¢) is the delay time that
results from the interaction of the microwave field with light

n(z) 7e/2 , , 2nt’\ |,
‘L'M(t) = W Voff J (Em(t +t ) + E;l(t +t )) cos (‘E—)dt . (3)
0

C

Here ng is the refractive index of LiNbOj at light frequency, r.g is the effective
electro-optic constant for LiNbOj3 [19], and E(#) is the complex microwave field
amplitude averaged over the mode volume. Expression (3) was derived using the
following assumptions. (i) The electric field in the microwave resonator depends
on its location. It has maxima at the ends of the resonator and zero at the centre
of the resonator. We approximate this dependence by a cosine function. (ii) The
microwave resonator covers a half of the optical cavity along its rim. (iii) The
microwave field smoothly overlaps the volume where light propagates. The half-
wave microstrip resonator may be fabricated by placing a half-circular electrode
along the rim of the optical LiNbOj; cavity. By tuning the length of the stripline
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electrodes the resonator can be tuned to a frequency equal the optical free spectral
range of the microresonator.

Light propagating along the rim of the optical cavity encounters the
microwave field amplitude in accordance with the expression 2'2(Eni(t+ ')+
E$(t+ 1)) cos(2nt’ /t.), where time ¢ describes light propagation and ¢ = 0 is
chosen to be the relative moment of time when light enters into the resonator. The
factor 22 results from our assumption that Ey;(¢) is the average complex field
amplitude, while at the ends of the resonator the absolute value of the amplitude is
2'2 times larger. The moment of time when light exits the resonator is, therefore,
t' = 1./2. The resulting delay of the light wave is obtained via integration over the
interaction time. N
_ To simplify equation (3) we assume that Eyi(t) = Em(t) exp(—iwnt), where
E\(2) is a slow function of time and wy is the carrier frequency of the microwave
field. The higher microwave harmonics, which could also propagate in the loop,
but may be filtered, are suppressed. The carrier frequency of the microwave field is
expected to be nearly equal to the free spectral range of the optical cavity

om(te + ) = 21+ oMAT,  omATg KL 1 “)
Equation (3) transforms to
2
B n; . OMAT
(t) = Tcmreff [EM(t) exp <—1T)
1A C . 1A C
+ E},(2) exp (i wM4 i 1>:|smc wM4 el , (5)

where sinc ¢ = sin ¢/¢. It is convenient to introduce a dimensionless coupling
constant that describes the modulation

2 1AT, 1AT,
g= woﬁreﬁ exp <—in4T1> sinc (wl\l4tl>EM, (6)

where Ey\; = [2nhor /(13 m)]Y? is the field per microwave photon, wg is the
resonance frequency of the microwave resonator, 7y is the index of refraction of
LiNbOj; at the microwave frequency and @7y is the effective volume of the
microwave mode; then v = To(gEMm + 2" E3y)/(woEwm).

To find the output, E,, and feedback, E,, fields given by

Eou(t) = —Ex(t)(1 — T)"? — Ex()) TS, (7)
Ey() = Ex(0T, — Ex()(1 = T)'7, (®)

we note that the electric field after the first delay line, L, is
Ex(t) = —Ein(t —1)(1 = T)'? — e (¢t — ) T}"?, 9)

where 71 = Lng/c is the delay time after light propagation in a fibre with length L

and #n; is the refractive index of the fibre. The electric field after the modulator, E3,
is given by

Es(1) = Eo() T — eax()(1 — Tea) /2. (10)

The feedback field E, is sent through a fibre delay line at the output of which

we have

Es5(t) = E4(t — 12), (11)
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where 1, = Lyng/c is the delay time due to light propagation in a fibre with length
L;. The delayed light then becomes incident on a fast photodiode. The resulting
photocurrent is filtered, amplified and sent into the microwave resonator. The
electric field at the entrance of the resonator is

00

E(t) = J G(t, 1)

o0

2
dt' +eq(1) (12)

Es(t)

where G(#,t) is an effective transmission function of the photodiode, filter and
amplifier.
Finally, the electric field inside the microwave resonator obeys the equation

12 12 . o ‘EO(t)
Envi(t) = Es(0)Ty;” + Ev(t — r)(1 — Tv) ' — ig" trEm 7
0

2
‘ , (13)

where Ty is the effective energy transmission coeflicient for the resonator, g is the
microwave effective roundtrip time in the resonator, Ey = [2rthw,/(n] )]"? is the
field per optical photon and 1/ is the whispering gallery mode volume.

The last term in equation (13) is the feedback term which appears due to the
nonlinear interaction of the microwave field with light. To specify this term we
use an approximate interaction Hamiltonian H = hE(z)(gEM + g*El’Q,I)/ESEM for the
microwave field and light, where we assume that the optical cavity modes are
nearly equivalent.

Equations (1), (2), (7)—=(13) describe the behaviour of the system shown in
figure 1. In the following section we discuss their solutions.

2.2. Solution: expectation values

To find the solutions for the expectation values and threshold of the oscillation
we first solve equation (2) assuming that Ey(?) is a given function of time. We
introduce slow amplitudes for the electric fields as E;(t) = Ej(t) exp(—iwgt) and,
then,

Eo(t) = E‘l(t)Ti{Z + exp [iwo(Tc + 8 + ™M(2))]
X Eo(t — te — w5 — i (D)1 = Tt — Te2)'?, (14)

The field inside the cavity £y may contain different harmonics with +kwy;, where k
is an integer number.

Eo(n) = ZEOk(t) exp(—ikwom?), (15)
7

where Eg(f) are slow functions of time. Taking into account equation (4), we
introduce an approximation

Eo(t — 1. — 8 — (1)) &~ Eo(1). (16)

This approximation, valid if wy(Ate + Tvm(2)) < 1, is equivalent to the steady-
state solution of an infinite set of equations for the cavity modes which may be
derived from equation (2).

It is convenient to introduce a detuning parameter At., for the cavity mode
pumped by the laser (cf. equation (4))

CL)()(‘L'C + ‘L’B) =2V 4+ wo AT, wWoATH K 1, (17)



Whispering gallery mode based optoelectronic microwave oscillator 2529
where v is the mode number. Then, taking into account equation (1), we arrive at

2Ein(t) (T1Te)'"?
Tei + T — 2iwp(Ater + ™na(2)

Eo(t) ~ (18)

Equation (18) is valid even for woty(?) > T + Tes.

For the sake of simplicity, we assume that Ty = Ty = T., T1 = T = 1/2 and
Ein(t — 7y) = iEin(t). This choice maximizes the resultant amplitude modulation
signal in the feedback loop. It is now easy to find

Ein(t)
2

Es(t) = — i+ 1+ (wo/Te) (Ater + Tt — Tz))]

= i(@o/ To) (At + Tailt — ©2)) (19)

eXP(iwofz)[

While the total optical energy is incident on the photodetector, we are interested in
the part of the microwave radiation emerging from the photodiode that is resonant
with the mode of the microwave resonator. So we use the following transmission
function for the diode—filter—amplifier chain:

t

Es(t) ~ Gyg L dt’ exp[—(yg + iom)(t — )] Ps(t), (20)

where Ps(t) is the power of the incident light and y <« wy; is the filter bandwidth.
The feedback microwave field may be estimated as

t

Pin .
B~ Gy | df expl-(ro + ion)e — 1)
0

y 14+ (1 + (wo/ Te) Tai(t — 1) cos(ni(t' — ATy) + ¥))*

>3 , (21)
1+ (w0/ Te)” Ty (t — 1) cos?(om(? — Ata) + )
where we have introduced y(f) = Tani(2) cos(wyit + ), and assumed that
oMTy = 2Ttm + oM ATy, oA KL 1. (22)

Here m is an integer number, P;, is the incident optical power and G is the effective
transformation coeflicient which takes into account the response of the photodiode,
filter and amplifier. We have also neglected the term At., and assumed that the
light field is nearly resonant with the optical cavity modes. Equation (21) may be
reduced to

E() = G2 expl-itoni(t = Aw) + )]

” [ [L+ @0/ Te)* Talt = 22)] 2 — 1 }
(o) Te) Tt — 1) [1 + (wo/ Te)? ?i'l(t TR |

(23)

To solve equation (13) we have to find the resonant part of the term containing
|Eo(£)|>. This term does not contribute significantly to the field amplification.
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However, it influences the frequency of the oscillation. We note that

| ()] |Ein|* on y Jzn/w“ explion (2’ — t)]d?’
0 = E. =
2T m o 1 (w0/ T (At + Tt cos(omt’ + )
|Einl? Tai(2) expl—i(omt + V)] At/ Te)?
-7 55 373 +c.c., (24)
c (14 (wo/ Te)" Ty (1))
where we kept terms linear in At,.
Finally, assuming that
WOMTR = 2T + oM ATR, oMATR L 1, (25)

we can solve equation (13) in the steady state. The equation for the field
amplitude is

~12
Ew? Ty 2gt| Enl\
2 =1—-11 —_ . 26
8 EGPy T. Ty (26)

To simplify this expression we assume that the saturation is small, i.e.
1> 2g7t.|Em|/(T.En) and derive

T.Ewm
31/2g7,

’ TY2T Ey,
|Em|? = (1——“’I ¢ “). (27)

87 GPin

This equation allows us to find the threshold pump power for the oscillation:

A TT.  8n?

2 = 72 5. -
GwoTengrest GO0y nyreit

th = (28)

To estimate the saturated value of the amplitude of the microwave field we assume
that 2ng|E1v[|/(TCEM) > 1 and find

) 2Q)TGP, 2 GPy, o’
(,()()Tcnoi’effT nor £f QO

where Qg and Q- are the quality factors of the optical cavity and the microwave
resonator, respectively.
The oscillation frequency is determined by the equation

T Aty 1 &272 |Einl? o
Atg = — M Ar, — S AT, @ 30
® 2 ( " ) CTT B o (30)

where we have assumed that Ty ~ 7. and @, is the frequency of the optical cavity
mode. Since the feedback delay time is much larger than the cavity roundtrip time
(T2 > 1), we rewrite equation (30) in the form

Tw 1’2( ) 1 g2 |Ew| T 31)
oy —owr = ———— (o WL2) — 7 Wy — W, ,
MTER=7T MeS o R 7Y T+ T

where i, is the microwave frequency determined by the delay line L.,. Therefore,
the oscillation frequency is determined by the competition of two microwave
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resonances and is influenced by the tuning of the optical pump. The nonlinear
term may be compensated for by proper tuning of the laser frequency, or by
applying a DC bias to the electro-optic resonator. In the following we show that
this coupling results in the noise contamination of the microwave signal by the
phase diffusion of the optical field.

Let us make numerical estimations for the system. We note that T /(27.) = ym
is the linewidth of the microwave resonator, and wy/(2ym) = Owm is the quality
factor of the resonator. Under the usual experimental conditions it is possible
to achieve Oy = 100. For microwave frequency wy = 2w x 101 rad s~! we have
ym =7 x 108 rads™", 7. = 2n/wy = 1071%s and Ty = 21 x 1072

Similarly, for the optical cavity, T./(2t.) = v is the linewidth of the cavity and
w./(2y) = O is the quality factor of the cavity. With the lithium niobate optical
cavity it is possible to achieve Q =107. For the optical frequency
wy =21 x 2 x 10" rads™' we have y = 21 x 10’ rads™! and 7. = 2n x 1073,

With a L, = 1 km fibre the delay time is approximately 7, ~ 5 x 107°s. Hence
Tty /27 >~ 1600 and the microwave frequency is dictated by the delay line instead
of the microwave resonator.

To find the coupling constant g we first estimate the amplitude of electric field
per microwave photon Eyy. The volume of the microwave field is 7y & 107* cm3,
and the microwave susceptibility of LiNbOj is "ia = 29; hence, Ey ~ 3.7 x 1077
CGS. The maximum electro-optic constant for LiNbOj; is 7 = r33 =
30pmV~' =9 x 1077 CGS. The index of refraction for LiNbO; is ny = 2.14.
Using the above values we arrive at g &~ 300s™".

The coefficient of conversion of light energy into microwave oscillation by
means of a photodiode may be determined from the expression P,w = Rszgpt,
where R = 0.7 A W~! and p = 50Q. Let us assume that the amplifier is switched
off, then G = R(2np/Anic)'/? =~ 7 x 1077 CGS, where Ay ~ 107* cm? is the cross-
sectional area of the microwave waveguide mode. Therefore, the threshold optical
power is approximately Py, &~ 2 mW. With additional electrical amplification of the
signal in the feedback loop, this value may be further reduced.

Finally, let us find the nonlinear coupling coeflicient in the equation for
the microwave frequency. We note that |En|? = 2nPin/Ac ~ 10> CGSE for
Py, =10mW = 10° CGSE and A =2 x 1077 cm?. The electric field per optical
photon is E? = 21tha)0/V0n(2) ~2x 10°CGSE, for 7p =6 x 10"7cm?®. Under
these conditions the nonlinear coupling constant in front of wy — w. (see equation
(31)) is equal to 0.2.

2.3. Solution: fluctuations

To produce the condition for stable oscillation the OEO should work at a weak
modulation regime. This is because near the saturation point, the modulator
converts the phase fluctuations of the pump laser to amplitude fluctuations, and
vice versa, thereby increasing the overall noise. The weak modulation regime is
characterized by condition T + Ty > 2woty(£) at any time ¢.

To avoid the conversion of the laser phase noise to amplitude noise the laser
must be tuned to the centre of an optical resonance. Fine tuning of the laser carrier
frequency and the DC bias field allows fulfilling this condition and achieving
At — 0.
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We present the electric field at the input of the system, and the microwave
field as

Ein(t) = {[[{Ein)| + ‘Sein(t)] exp[—igi, — i‘S(/J)in(t)] +’§in(t)} CXp(—ia)()i), (32)

Eni(t) = {[I[{Ew) | + Sen(t)] exp[—ipn — 18¢ni(2)] +§M(t)} exp(—iom?),  (33)

where [(E;,)| and ¢;, are averaged field amplitudes and phase, and 8e¢;,(#) and 8¢;, (%)
are the classical amplitude and phase counterparts of the laser noise, wq is the
carrier frequency. Similarly, |(En)| and ¢y are averaged microwave amplitude and
phase, den(f) and S¢ni(2) are the classical microwaye amplitude and phase noise,
wyp 1s the carrier microwave frequency, &,(¢) and eyi(¢) are the quantum parts of
the fluctuations (tilde here indicates that the spectrum of the fluctuations is
considered relative to the line centre). We assume that the quantum part of the
fluctuations is wide band noise, while the classical fluctuations are narrow band
noise, i.e. they have a bandwidth much narrower than the free spectral range of the
optical cavity.
The optical cavity field may be presented in the form
1 (Ein(t — 1o/ Te) — ea1(t — te/ T¢)) exp(—iwyt) T1?

Ey(t) ~ 2172 T — i(wotni(t) 4 218 i, (1) /1)

242(t) exp(—iwyt) T/
T, — i(worn(t) + 218 ¢y (1) /or1)

(34)

where E'in(t —1./T.) and zdl(t — 1./ T.) are the slow field amplitudes, 7./7T. stands
for the group delay and § (ﬁin(t) results from the phase diffusion of the pump laser.
Equation (34) was derived under the assumption of unsaturated modulation,
T. > wot\v(t), and small phase diffusion of the pump laser, T\, > 216 q'Sm(t)/a)M.
For the saturated case and/or large phase diffusion the modulator transforms the
phase fluctuations of the laser to the amplitude fluctuations.

Because the optical cavity introduces a group delay, the scheme may transfer
the phase fluctuations of the laser into the amplitude of the transmitted light.
These fluctuations simply do not cancel each other on the beam splitter T',. To
avoid this transfer effect one needs to choose the delay time of the interferometer
arm without a cavity such that 7y = t./T.. For simplicity reasons we also assume
that exp(—iwot;) = i. Generally, such a balance of the interferometer is not critical.
The difference between 11 and 7./ 7T, should be much less than the inverse pump
laser linewidth. If the laser linewidth is narrow enough, no balancing is necessary.

In the limit of small modulation the electric field of light at the output of the
delay line L., is
i—1 Ein(t)

5 ear(t) — — exp(iwgT2)

Es(t) ~ —

x [i + 1+ (2183, (1 — 12)/on + woTui(t — 1)) /TC]’ (33)

1 —i(2n8 ¢y (1 — 1) /ont + wotai(t — 1))/ T

where some unimportant time delays were omitted. Vacuum fluctuation eg,(z)
resulting from the second beam splitter does not contribute to the field.
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The microwave field at the input of the microwave resonator is given by

~ ~f
Py [ | Es(t) + (1)
Eq(t) ~ Gyg 21/2J dt’ exp[—(ye + ion)(t — t)]SHE—)T
2

Py, Sein + de! gt Em(t — ) (31/2gTC|E1v1(t - T2)|)
+en (14 in) 1

2 ( {Ein)l ) TEn T.Em
+ G b)) + (G2 = 1)), (36)

where &5(1) = (&in(f) — [(1 — 1)/(1 + 1)] 41(£))/2!/? describes vacuum fluctuations of
the field Es5(t). Equation (36) consists of three parts. The first part describes the
shot noise on the photodetector which results from vacuum fluctuations of light. In
deriving this term we neglected the modulation of light. The second part contains
the expectation for the value of the microwave field in the feedback loop as well
as the narrow band classical amplitude noise of the pump laser. Finally, the third
part results from the noise of the photodetector and the amplifier. The term e4(t)
describes vacuum quantum fluctuations of the running electromagnetic wave, and
G, > 1 shows the noise increase due to the amplifier and the photodiode. The term
ec(t) stands for the amplifier and photodetector noise. The parameter G, always
exceeds the power amplification coeflicient of the amplifier.

We note that the power of the cavity field is modulated on the microwave
frequency when there exists a non-zero phase diffusion of the pump laser
radiation. Using equation (34) we find

2 P 2
00 expl-itont + P20 (20) e, @)

Ey())*],. = —
| 0( )| |wM 2T N

keeping terms linear in fluctuations only. Generally, this expression implies that
even small detuning of the laser frequency from the exact overlap with a cavity
mode frequency results in amplitude modulation of laser radiation. In our case this
effect influences the OEO stability.

Let us now find the phase diffusion for the microwave field generated in the
OEO. We solve equation (13) in steady state for the expectation values of the
microwave field amplitude and frequency, which is equivalent to the solution of
equations (26) and (31). The phase fluctuations of the microwaves obeys the
equation:

—8<¢'>M(t)|<EM>|(rR +%n) = T“z[ Gye ; 7
oy O+ R
x| exployte = lsin(ont) S0
h+ 16, —80)}

g2 <2 |(Ein)|? 218 ¢,

Ey .
+ [(Em)] 7 B2 T

(38)

Introducing phase diffusion coeflicient D as <8¢(t)2> - (8¢(t))2= 2Dt and assuming
that the time of the measurement is much longer than the filter characteristic time
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1/yc we arrive at

2
- how ) G\’ 2t gl (B
Dy =72 — M (262 — 14+ (2 VuPi, ¢ Dy,
M M, ( “ + 21 @M + 2‘L’c+ TM‘L'Z T3 E(z)

C

(39)
where Y3y = Ta/(2t. + Tvt) is the effective decay rate of the microwave cavity
and D;, is the phase diffusion of the input laser. Equation (39) indicates that the
oscillator is closer to the Shawlow—Townes limit for smaller P;,.

The above analysis is valid for an unsaturated modulator, Py, > Pj, > 2Py,,
where Py, can be found from equation (28). We estimate

Dy z?_i’l<2_n>1/2hwo [1 8 (2G2 — 1)Pth:|
2 \Om Py G?Py, Vg Pin

2¢.Ty P,  8m 2
+ ( i AU ) D, (40)
ny Te(2te + Tyito) Poy G* Py, Vi

For the parameters indicated above and 7, =2 x 107 s, Pj,/Pw = 2, we derive
Dy~ 2 x 1078(1 + 0.034(2G2 — 1))s™' + 10712 D;,,.

Finally, it worth noting that the spectral density of the microwave frequency
fluctuations is constant in the approximations made above. The ratio of quadratic
deviation of the oscillation frequency averaged during time ¢ and the average

frequency (Allen deviation) is
12
s _ (200 - ()

2
[V twyy

For the above estimations oy, /om = 3 X 10_15/151/2.

3. Non-resonant optoelectronic oscillator

In this section we recall the properties of the non-resonant OEO described
previously in [1]. We derive expressions for the oscillation threshold, oscillation
frequency and noise of the oscillator.

3.1. Basic equations

Let us consider the OEO scheme shown in figure 2. An efficient modulation
is possible only if the phase matching condition for light and microwaves is
established in a planar sample of an electro-optic material. This can be achieved,
for example, if one uses periodically poled nonlinear crystals and polymers [7, 20,
21], or planar microstrip microwave waveguide [22-24].

Equations (1), (7)-(9), (11) and (12) hold for the scheme. Instead of equations
(2) and (10) we write the equation

E3(t) = Ei(t — w8 — (1)) (42)

The time varying delay may be presented as (cf. equations (3) and (5))

2
(1) = &7 2 v (Bni(®) + E3(0), (*+3)
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Figure 2.  Opto-electronic oscillator based on a planar LLiNbOj; electro-optic modulator.

where g = Lgny/c is the propagation time of light in the LiNbOj crystal, Lg is the
crystal length and & < 1 results from imperfect overlap and phase mismatch of the
light and the microwave fields.

Finally, instead of equation (13) we write

En(t) = E6(?). (44)
Here, there are no nonlinear terms proportional to the light power because only the
phase of light is modulated in the nonlinear crystal; the power of light inside the

crystal stays unchanged (|E3(t)|2|w,\rr =0).

3.2. Solution: expectation values
Assuming that Ty = T, = 1/2 we derive

1 .
E5(t) = WEin(t) expliwg(ts + Tv(?))]- (45)
On the other hand
1 .
Ez(t) = — mEm(I) eXp(la)()T]). (46)
From equation (8) we derive

Ex() = 3 B0 explionr)(1 + explion(ms 1+ o@D, (47)

The power of the field E5(¢) is, therefore,

Ps() =214 cosan(m — 1 + il — o)) (48)
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The microwave field may be determined from equation
Py, (!
Ex(t)~ Gyo 3" || df expl-(v + ion)t — 0]
0

X cos wo[tg — T1 + :EM(t - ‘172) cos(a)M(t/ — A‘L’z) + w)]

= ~G R expl-itom(t — ) + V)]
x sin[wo(tg — T1)1[wo Tm(t — 1), (49)

where, as above, we have introduced Tyi(2) = Tyv(2) cos (wyit + ¥) and assumed that
condition (22) is fulfilled (however, we do not demand here that oyAT, K 1).
Ji[...] is the Bessel function.

Assuming that wy Ta(t — 72) < 1 and decomposing the Bessel function into a
Taylor series (J1(x) ~ x/2 — (1/2)(x/2)*, if x < 1) we derive the expression for the
microwave field amplitude

8 4 sin[wo(tB — ‘L'1)]
|[Em|? = IRV [1 - | 5 i . (50)
(Erswonyresr) GPin&tswonyrest
Therefore, the oscillation threshold for the pump light power is
Py = * 51
T Gerswomires’ G

where we assumed that [sin[wo(tg — 71)]| = 1. One can see that the main difference
between equations (28) and (51) results from the high finesse of the cavities. The
smaller 7. and T are, the lower is the threshold in the case of the cavity enhanced
OEO. No dependence on the mode volume is present.

The difference from the resonance case is the absence of conventional satu-
ration in the non-resonant OEO. Indeed, for woTm(t)>1 we have
Ji[wo Tai(8)] & (sin[wo Tai(2)] — cos[wo Tai(2)])/[wo Tai(£)]Y2. This function oscillates
with the increase of the microwave field amplitude.

The oscillation frequency is to be determined from the equation

—exp (iomAtp) arg (sin, [wo(ts — 71)]) = 1, (52)
resulting in the condition for the oscillation frequency

2mm T

oy =——+—, ifsin [wo(tg — 71)] > 0;
T T
2
oy =22 if sin [wo(ts — 71)] < 0. (53)
1%

3.3. Solution: fluctuations
Generally, the description of fluctuations of the non-resonant OEO is similar
to the description for the resonant one. The microwave field at the input of the
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microwave resonator is

~ ~F
P (., . o es(t) +es (1)
Eg(t) = GyGWJO dt’ exp[—(yg + iom)(t — 1)] TES
P, Sein + Sei gt vt — 1) (gfclEM(t - Tz)l)2
+G 1+ m) x 1-—
2 ( [(Ein)l ) En 4B\
+ Gato(t) + (G2 = 1) el (1), (54)

where e5(t) describes the coherent vacuum fluctuations of the field E5(¢). Equation
(54) consists of three parts having the same origin as parts of equation (36). We
assumed here that sin[wg(tg — 71)] = 1.

The corresponding equation for the phase fluctuations is

Lo
A Pin ! ’ / . , 2 t, +é t,
SO = —Gre L J 4’ exp[—yo(t — )] sin(ay ) ST &)
212 |, (B
iG, . . G2-nz
—12 (e(,—eZ)+%(eG—eZ,. (55)

Therefore, for the phase diffusion we have

1 how ) G\’
Dy == 2G2 -1+ (=) woVuPu).
M 2 2Py ( a + o) VM

out

Because the non-resonant system does not saturate for reasonable values of the
optical power, the polynomial decomposition of the Bessel function holds, Py;
increases faster than Pj,, and Dy decreases with the optical power increase. The
threshold power for the non-resonant oscillations is about 80 mW if there is no
amplification in the feedback loop and ts = 57, (the length of the nonlinear crystal
is five times longer than the circulation length of the WGM in the case of the
resonant OEQO).

4. Experiment

We have performed preliminary experimental studies of the OEO based on
a high-O WGM electro-optic modulator. The scheme of the OEO is shown in
figure 3. At the present stage the OEO is not optimized as in figure 1. Light is sent
directly to the photodiode after the modulator. Because the modulation is pri-
marily of the phase type, conversion of the modulated light into microwaves is
inefficient, and significant microwave amplification (42 dB) is required to achieve
self-sustained oscillation in this set-up. We use a —10dB optical splitter and a
—6dB microwave splitter to monitor the properties of the generated microwave
power and the modulated light. The length of the optical delay line is L. = 1 km.

The modulator (see in figure 4) is fully integrated with input optics and built on
a copper platform. To our knowledge, this is the first example of integration of a
high-Q crystal WGM cavity into a photonic device. The performance of the EOM
remains stable during weeks of operation and the quality factors of WGMs do
not degrade with time. In principle, the size of the platform may be significantly
reduced.
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Figure 3. Scheme of the experimentally realized WGM OEO.
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Figure 4. Fully integrated electro-optical modulator based on a whispering gallery mode
cavity. The numbers stand for: (1) the WGM cavity, (2) the microstrip microwave
resonator and (3) the coupling prism (cf. figure 3).

Because the general properties of the WGM modulator are discussed elsewhere
in detail [18], here we present only the particular parameters related to the
integrated WGM EOM used in the OEO.

The modulator has a fibre-to-fibre insertion loss of 5.5 dB. Its optical quality
factor O depends on a chosen mode and varies from 5 x 10° to 9 x 10°. The
optical spectrum of the cavity is shown in figure 5. The quality factor of the
microwave resonator is approximately equal to Qn;2~ 70.

A typical spectrum of the modulated light measured with an optical etalon is
shown in figure 6. It should be noted that the amplitude of the carrier cannot be
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Figure 5. Optical spectrum of the LiNbOj; disc cavity. The coupling efficiency
is approximately 80%.
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Figure 6. Spectrum of the modulated light after the WGM EOM measured with
an optical etalon.

reduced to zero because we do not have critical coupling of the incoming light and
the WGM cavity in this particular modulator.

To estimate the efficiency of the modulator for application in the OEO we
measured the dependence of the demodulated signal from the photodetector as
a function of power of the microwave signal (Ey,, in figure 3) sent into the
modulator. The result of the measurement is shown in figure 7. Because of the
small power of the pump laser radiation (2.5mW) and nearly complete phase
modulation of light, the difference between the input and output microwave power
is more than 35 dB. It is worth noting here that for phase modulation and critical
coupling the demodulated microwave power is absent. To make our system
oscillate either a microwave amplifier must be included in the OEO loop or the
optical pump power should be increased.

We obtained self-sustained oscillation in the system with 42 dB microwave
amplification. The spectrum of the OEO signal is shown in figure 8. The width
of the signal is determined primarily by the pump laser noise. The minimum
measured width was about 100 kHz. The scheme should be optimized to reduce



2540 L. Maleki et al.

-20 N
s}
© -30 o
g
AN
8. 40 A/ﬂ}—-& —AA
= = " Q=8.8x10
°
£ -50 <
e ok
o’ A
7
-70
-20 -10 0 10 30
Input MW power, dBm
Figure 7. A dependence of the demodulated microwave power, produced after direct

absorption of the modulated light on a photodetector, on the input microwave power.
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Figure 8. Spectrum of the microwave signal generated in the OEO.

the width and the oscillation threshold, according to the discussion in the
theoretical part of the paper.

The optoelectronic oscillator has well pronounced threshold behaviour
(figure 9). Power of the generated microwave signal increases approximately
linearly with increasing optical power after a certain threshold value of the
pump, which is close to the theoretical predictions. Our experimental data,
however, are obtained with 42 dB microwave amplification. To obtain character-
istics predicted by theory the modulation system should be optimized.

5. Discussion
In comparing the resonant and non-resonant OEOs we should mention that the
resonant OEO starts to oscillate and saturates for optical powers approximately
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Figure 9. Threshold dependence of the generated microwave signal versus optical

pump power.

(T\m Tg)fl/2 times smaller than the threshold optical power for the non-resonant
OEQO. While the non-resonant OEO may have better stability, the dynamic ranges
of the two devices do not overlap.

The obvious difference between the resonant and non-resonant OEOs is the
presence of the cavities for light and for the microwaves. The presence of a cavity
increases the strength of the nonlinear interaction. As a result, the non-resonant
process saturates for a larger number of microwave photons as compared to the
resonant process. The value of the threshold pump power does not depend on the
mode volumes for the non-resonant as well as resonant interactions, in a non-
intuitive way. However, in the resonant case the threshold value decreases with
increasing cavity finesses.

In the resonant OEO the oscillation frequency may appear not at exact
coincidence with the optical cavity WGM frequency. Consequently, the transfer
of the amplitude fluctuations of the laser into the phase fluctuations of the
microwave field occurs. Moreover, the phase diffusion of the pump laser radiation
influences the phase diffusion of the microwaves, as well. This effect, however,
does not occur in the non-resonant OEQO. Therefore, the resonant OEQO is suitable
for more stable lasers, while the non-resonant OEO is more appropriate for lasers
having broader lines.

6. Conclusion

We have studied properties of a resonant optoelectronic microwave oscillator,
based on a whispering gallery mode lithium niobate cavity coupled to a microstrip
microwave resonator, and compare the properties with those of the non-resonant
oscillator. We show that the resonant OEO possesses low oscillation threshold with
respect to the optical pump power as well as narrow linewidth of the generated
microwave radiation. The size of the resonant OEO may be orders of magnitude
less than the size of the non-resonant device. On the other hand, a non-resonant
OEO may result in an even narrower linewidth of the generated signal compared
with the resonant OEO, which is compensated for by the comparably large optical
pump power necessary to achieve oscillations in the non-resonant device. Gen-
erally, both resonant and non-resonant OEOs operate in different dynamical
ranges and may produce stable microwave signals at frequencies up to 100 GHz
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and, therefore, these devices are useful for modern telecommunications and
optoelectronics.
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